We provide a thorough study of stability of the 1-D continuity equation, which models many physical conservation laws. In our system-theoretic perspective, the velocity is considered to be an input. An additional input appears in the boundary condition (boundary disturbance). Stability estimates are provided in all p L state norms with 1 p  , including the case p   . However, in our Input-to-State Stability estimates, the gain and overshoot coefficients depend on the velocity. Moreover, the logarithmic norm of the state appears instead of the usual norm. The obtained results can be used in the stability analysis of larger models that contain the continuity equation. In particular, it is shown that the obtained results can be used in a straightforward way for the stability analysis of non-local, nonlinear manufacturing models under feedback control.
Introduction
The continuity equation is the conservation law of every quantity that is transferred only by means of convection. It arises in many models in mathematical physics and for the 1 where t denotes time,
x is the spatial variable,  is the density of the conserved quantity and v is the velocity of the medium. Equation (1.1) is used in fluid mechanics (conservation of mass; see Chapter 13 in [26] and [5] ), in electromagnetism (conservation of charge; see Chapter 13 in [26] ), in traffic flow models (conservation of vehicles; see Chapter 2 in [15] , [21, 28] and references therein) as well as in many other cases where  is not necessarily the density of a conserved quantity (e.g., in shallow water equations the continuity equation is obtained as a consequence of the conservation of mass with the fluid height in place of  ; see [27] ). In many cases, the conserved quantity can only have positive values (e.g., mass density, vehicle density) and equation (1.1) comes together with the positivity requirement 0   . Although the continuity equation is used extensively in many mathematical models, its stability properties have, surprisingly, not been studied in detail (but see [1, 6] for other aspects of the continuity equation). This is largely because the continuity equation usually appears as a part of a larger mathematical model, which also describes the evolution of the velocity profile. In other words, the continuity equation does not have the velocity as an independent input but is accompanied by at least one more equation: a differential equation (momentum balance) in fluid mechanics and traffic flow (see also [13] for oil drilling), or a non-local equation in manufacturing models (see [7, 8, 9, 23] ).
In this paper we study the stability properties of the continuity equation on its own. We adopt a system-theoretic perspective, where v is an input. When the velocity profile is given, the continuity equation falls within the framework of transport PDEs, which are studied heavily in the literature (see for instance [2, 3, 4, 10, 11, 12, 14, 17, 18, 19, 21, 22, 24, 25, 29] ). In this framework, the continuity equation is a bilinear transport PDE. Using the characteristic curves and a Lyapunov analysis we are in a position to establish stability estimates that look like Input-to-State Stability (ISS) estimates with respect to all inputs: the input v as well as boundary inputs (Theorem 2.1). The stability estimates are provided in all p L state norms with 1 p  , including the case p   . However, the obtained estimates are not precisely ISS estimates since both the gain and overshoot coefficients depend on the input v . Moreover, the logarithmic norm of the state appears instead of the usual norm; this is common in many systems where the state variable is positive (see [18] ).
The study of the stability properties of the continuity equation can be useful in the stability analysis of larger models (by using small-gain arguments; see [20] ). Indeed, we show that the obtained results can be used in a straightforward way for the stability analysis of non-local, nonlinear manufacturing models (Theorem 3.1).
The structure of the paper is as follows. In Section 2, we present the stability estimates for the continuity equation. Section 3 is devoted to the application of the obtained results to non-local, nonlinear manufacturing models. The proofs of all results are provided in Section 4. Finally, the concluding remarks of the present work are given in Section 5.
Notation: Throughout the paper, we adopt the following notation. 
Stability Estimates for the Continuity Equation
We consider the continuity equation on a bounded domain, i.e., we consider the equation
, for ( , ) (notice that  both estimates (2.4), (2.5) indicate finite-time stability. This is a well-known phenomenon to linear transport PDEs (see [11, 12] ). , one can show that the gain of the boundary disturbance has to be greater or equal to 1 for every (0,1) p L norm with (1, ] p   . On the other hand, using (2.4), (2.5) we obtain that the gain of this specific boundary disturbance has to be less than or equal to , it follows that the estimation of the gain of the boundary disturbance is optimal for this case. p   . Since
, it follows that the gain of
is strictly greater than the gain of
. Therefore, velocities that are increasing with respect to x (i.e., convection that speeds up downstream) add a greater bias to the solution profile than velocities that are decreasing with respect to x (i.e., convection that slows down downstream). This is also apparent from the estimation of the gain of The proof of Theorem 2.1 relies on the following result which has its own interest. 
Theorem 2.3: Consider the initial-boundary value problem
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The proof of Theorem 2.3 is provided in Section 4 and is based on a combination of different methodologies:  The exploitation of the superposition principle for the initial-value problem (2.7), (2.8), (2.9):
the solution of (2.7), (2.8), (2.9) can be written as the sum of three functions: the solution of (2.7), (2.8), (2.9) with zero inputs , fb and initial condition the given function  The norm of the third component of the solution is estimated by using a Lyapunov analysis.
Feedback Control of Manufacturing Systems
Manufacturing systems with a high volume and a large number of consecutive production steps (which typically number in the many hundreds) are often modelled by non-local PDEs of the form (see [7, 8, 9, 23] ): ut   is the control input (the process influx rate). Existence, uniqueness and related control problems for systems of the form (3.1), (3.2), (3.3) were studied in [7, 8, 9] . Here we want to address the feedback stabilization problem of the spatially uniform equilibrium profile () ut is bounded from above by a constant independent of the initial condition (bounded feedback).
Using Theorem 2.1, we are in a position to obtain the following result. Estimates (3.6), (3.7) guarantee finite-time stability in the absence of uncertainties. However, notice that the terminal time r given by (3.8) depends on the initial condition and the boundary disturbance. Therefore, for certain initial conditions or for large boundary disturbances it may happen that the terminal time r is unacceptably large. For example, when or if the boundary disturbance is large, then the terminal time r will be large. This is a possible disadvantage of the feedback law (3.4) and we do not know whether it is possible to achieve smaller terminal times (see also the discussion in Section 4 of [7] for the case
Theorem 3.1: Consider the initial-boundary value problem (3.1), (3.2), (3.3), (3.4) with
). Estimates (3.6), (3.7) guarantee robustness with respect to the boundary uncertainty b . However, again when the terminal time r is very large then the gain of the uncertainty becomes very large. t t x  be the solutions of the above equations. By virtue of the implicit function theorem they are both 1 C on their domains. We define: 
Proofs of Main Results

Xv s t x t l X l t x dl xx
Xv s t x v t s X s t x v t x t l X l t x dl tx
                   (4.
t x tt t t x w t x a s X s t t x t t x ds b t t x a s X s t t x t t x ds f X t t x t t x d
( ) 2 ( , ) ( , ) 2 ( , ) ( , ) ( , ) 2 ( , ) ( , ) ( , ) ( , ) 2 ( ) ( ) ( ,1) ( ,1) ( , ) ( , ) 2 ( ) ( ) ( ) 2 ( ) ( )
ee V t e t x t x dx v t x e t x t x dx a t x e t x dx tx v t x e t x dx
A T V t and we cover the interval . Estimates (2.4), (2.5) in conjunction with estimate (4.28) imply estimates (3.6), (3.7). The proof is complete.
Concluding Remarks
The present work provided a thorough study of stability of the 1-D continuity equation, which appears in many conservation laws. We have considered the velocity to be a distributed input and we have also considered boundary disturbances. Stability estimates are provided in all p L state norms with 1 p  , including the case p   (sup norm). However, in our Input-to-State Stability estimates, the gain and overshoot coefficients depend on the velocity. Moreover, the logarithmic norm of the state appears instead of the usual norm.
As remarked in the Introduction, the obtained results can be used in the stability analysis of larger models that contain the continuity equation. In the present paper, our results were used in a straightforward way for the stability analysis of non-local, nonlinear manufacturing models under feedback control. Working similarly, the obtained results can be used for the stability analysis of nonlocal traffic models.
